A CLASS OF COMPLETELY INTEGRABLE QUANTUM 
SYSTEMS ASSOCIATED WITH CLASSICAL ROOT SYSTEMS 



TOSHIO OSHIMA 

Dedicated to Professor Gerrit van Dijk on the occasion of his sixty fifth birthday 

Abstract. We classify the completely integrable systems associated with clas- 
' sical root systems whose potential functions are meromorphic at an infinite 

' point. 

o ' 
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D ' 1. Introduction 



A Shrodinger operator 



d 2 



(i.i) p = £^ + *(*) 

with the potential function R(x) of n variables x = (xx, . . . , x n ) is called completely 
integrable if there exist n differential operators Pi , . . . , P n such that 

: ([Pi,Pj}=0 (l<i<3<n), 

(1-2) |peC[Pi,...,P n ], 

I Pi, . . . , P n are algebraically independent. 
JZ ! ■ 

In this note P is called to be completely integrable of type B n or of classical type 
I ■ if Pc and R(x) in the above are of the forms 

(1.3) P fe = JT2k + Qk with ordQfe < ordP fc , 



a 

! (I- 4 ) P(x) = ^ (^-(xi -Xj) +u+-(.t, +Xj)) +X^ffe(x fe ). 

X 

Here and i>/c are functions of one variable. 

The systems of differential operators satisfied by the radial parts of zonal spher- 
ical functions or Whittaker functions on Ricmannian symmetric spaces of the non- 
compact and classical type, Heckman-Opdam's hypergeometric equations (cf. jHOp . 
Calogero-Moser and Sutherland systems for one dimensional quantum n-body prob- 
lems (cf. |OPl| . jOP2| ) and Toda finite chains associated with (extended) classical 
Dynkin diagrams are their examples. 

We remark that |Waj proves that if the potential function R(x) is locally defined 
and analytic, then the condition (|1.2(l with (|1.3(l assures (jl.4JI and moreover R(x) 
is extended to a global meromorphic function on C" except for a trivial case corre- 
sponding to Type Ai in Theorem 14 .81 (cf. |Oc| for type R>2 and |OSj in the invariant 
case). 

|OOS| . |OS| . |Q2| and |QO| determine this integrable system under the condition 
that P is P n -invariant, namely, ufj, and Vk are even functions and do not depend 
on i, j and fc and ufj = On the other hand jOcj . |Ta| and |Wa| determine it if 
R(x) has certain singularities. 
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We assume in this note that R(x) is meromorphic at t — under the coordinate 
system 

(1.5) f. = e -fe-^ +1 ) (j = l,..., n -l), * n = e-" 

and classify the Shrodinger operator (f 1 . If) which allows a differential operator P2 of 
the form (|1.3|1 satisfying PP2 = P2P. We note that the above examples with non- 
rational potential functions satisfy this assumption. In the first example this follows 
from the fact that the invariant differential operators on a Riemannian symmetric 
space have analytic extensions on a smooth compactification of the space (cf. 

Theorem 14 . 81 and Remark l4.7l in ^determine R(x), which is the main result of 
this note and proved by using |J21 and The result implies that the system is a 
suitable limit of the invariant quantum integrable system classified by jOOSj (cf. p], 
|IM| . |Ru| . |vD| and |vD2| 1. Hence the integrals P\,...,P n will be calculated as 
suitable limits from the integrals given in |Q2| . which will be shown in another 
paper. 

If R(x) is analytic at t = 0, we say that R(x) has regular singularity at the 
infinite point t = 0, which are also classified in Corollary I4.1UI 

In the potential function R(x) is determined when n = 2. 

In fJ21we study the potential function R(x) when ufj = v k = 0, which we call to 
be of type A„_i. 

2. Type A n -i (n > 3) 
In this section we study the Shrodinger operator 

™ <9 2 

(2.1) P = Uijixi-Xi) 

j—i 3 t<i<,j<n 
which allows a differential operator 

dxidxjdxk 



(2.2) Q = V - ^— + S with ord 5 < 3 

z — ' oxiOXjOXk 

l<i<i<k<n 1 J h 

satisfying [P,Q] = [£" =1 g§-,Q] =0. Then the proof of jOTTS! Proposition 4.2] 
implies that the existence of Q is equivalent to 

(2.3) J2 U ^ k = 

l<i<j <k<n 

with 
(2.4) 

Uijk = Ujk(tj ■ ■ ■ tk-i) (ti- ■ ■ tj-\u\j(ti ■ ■ ■ tj-x) +£{•■■ tk-iu' ik (ti ■ ■ ■ tfc_i)J 
+ u»fc(tj • • • t k -i)(^-U ■ ■ •tj-iu , i j(ti ■ ■ -tj-i) + tj ■ ■ ■ tk-iu' jk (tj ■■■tk-ij) 
- Uij(ti ■■■tj-x)(t i --- t k -iu' ik (U ■ •• tfc_i) +tj ■ ■ •tk-iu'j k (tj ■ ■ ■ tfc-i)^ 

by putting Uij(e~ y ) = Uij(y). We assume that R(x) is holomorphic for < \t\ <C 1 
under the coordinate system (|1.5fl which corresponds to the expression 



(2.5) Uij{s) = V c l Js" (eg 1 = 0) converge for < \s\ < 1. 



....-> 1 r 



We assume c 1 q — without loss of generality and expand H2.3J1 into the power series. 
Then the terms (U ■ ■ •tj_i) p (t ) ■ ■ -t k -i) q with p ^ 0, g ^ 0, p ^= q and i < j < k 
appear only in Uij k and therefore if p 7^ 0, q 7^ and p q, we have 

4* ^ + cf p pc^ - c^(p - q)<$_ q + cf(q - p)4 k _ p - $_ q qcf - cj/qcf = 
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and hence 

(p - q)c%cf - pc$_ q cf + qd q %d k = 0. 

Denoting 

(2.6) Uij(t)= J2 with c« = i/C^, 

v£Z\{0} 

we have 

(2.7) u ij (t)=tU , ij (t), 

(2.8) P q(p - q)(CVCi k - &j_ q Cf - C' q k _ p C; k ) = 0. 
Then l|2.3[) is equivalent to 

(2.9) {UiM + u jk (t) - u lk ( st )) 2 = vij\s) + v;t(t) - v;i k (st) 

with suitable functions V^f , Vjl and for l<i<j<k<n. 

Remark 2.1. If (Uij(t),Ujk(t),Uik(t)) satisfies (|2.9|) with suitable Vij, Vjk and Vij, 
then (Ujk(t),Uij(t),Uik{t)) and (cUij(at r ),cUjk(bt r ),cUik(abt r )) have the same 
property for any complex numbers a, b and c and a positive integer r with a& 7^ 0. 

Proposition 2.2. TTie solution (Uij , Ujk, Uik) of Q2.9J1 ™t/i H2.6|l is one of the 

followings and it satisfies Uijk = 0. 

i) Two of {Uij, Ujk, Uik} are zero and the other one is any function. 

ii) (Uij, Ujk, Uik) = (at r , bt r , ct~ r ) for any a, b and c € C and r £ Z \ {0}. 
• ••\ /„ \ / ac -t r bct r abct r \ 

111 (Uji, Uik, Uik) = , ; — , ; — with any non-zero complex num- 

i\ 13, j«, ik, Vx-at r 1 -&F l-abt rJ 

bers a, b and c and a positive integer r. 

Proof. All the solutions of the equation l|2.9|) are obtained by |BPj and |BB| (cf. |OQl 
Remark 2.3]), which implies this proposition. But we will give a simple proof under 
the assumption that the origin is at most a pole of Uij, Ujk and Uik- 

Suppose one of Uij, Ujk, Uik is zero and the other two are not zero. If Uij = 
and Cl h 7^ 0, then we have p(m+p)mC-£C lk = and therefore C %k = for p 7^ — r, 
C_ r 7^ and C-£ = for m 7^ r. Thus we have ii). We similarly have ii) in the 
other two cases. 

Hence we may assume that any one of {Uij, Ujk, Uik} is not zero. Define Ii m € 
Z \ {0} such that Cf™ ^ and Cf, m = for v < I lm . Then shows 

tij rijk fiij /-rife /-ijk ^ik 



(2.10) hjijkihj - i jk )(cic% - ci_ Ijk ct - c\l-uFL) - 0. 

Suppose Zjj > and Ijk > 0. Then l|2.10|l means l.- L j — Ijk, which we put r, and 
therefore l|2.8|l with q — r and that with p = q + r mean 

(2.11) pr[p-r){C i JC 1 r k - C^ r C lk ) = for p > 0, 

(2.12) (q + r)qr(C q \ r C^ k - C]? C q k ) = 0, 
respectively. 

If C lk = 0, it follows from l|2.11|l that C p 3 = for p 7^ r by the induction on p 
and we have similarly C q k — for q 7^ r by the symmetry between Tpi and U 3 
and finally C %k = for q 7^ — r by l|2.12|l . Hence this case is reduced to ii) with 
r > 0. 

Suppose C lk 7^ 0. Then by Remark 12.11 we may assume C*? = C J r k = C lk 
by a suitable transformation (s, t) 1— ► (at, bt) and moreover by l|2.11|l that Uij = 
cJ27=i t ru and similarly U jk = d Y^=i '■ Then t£3 means U ik = Uj k + d't~ r - 
Finally we have c" = by (|2.10l) with p — lr and q = —r and get Uij = Ujk = Uik- 
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Lastly we may assume 1^ < by Remark 12.11 Then (|2.8() with p — 1^ + lik 
and q = lik implies lik > and that with p — and q > means C 3 q k = 
for q > 0. Hence Ijk < and similarly we have C' l J = for p > 0. More- 
over l|2.8|l with p = q + l. L j shows C* fc = for sufhciently large integer q. Then 
(Uijft -1 ), Ujkit -1 ), Uikit^ 1 )) is also a solution of (|2.9I) and this case is reduced to 
the case when Jy > and Ijk > and therefore we have ii) with r < 0. 

Note that it is easy to see that the given functions in the proposition satisfy 
U ijk = (cf. Remark EH) . D 

Remark 2.3. If t = e~ x , then 

t^-(at r ) = art r = are~ rx , 
dt K ' 

d f at r \ art r , _ 2 rx — log a 

t— = -; ttt = r sinn . 

dt\l-at r J (l-at r ) 2 2 



3. Type B 2 

In this section we study the following commuting differential operators. 



(3.1) 



d 2 d 2 
d A 

Q = Tr^r^r + S with ord S < 4, 
ox*oy z 

{[P,Q]=0. 



Note that P 2 = P 2 — 2Q in (|1.3|l . First we review the arguments given in jOOj 
and jOcj . Since P is self-adjoint, we may assume Q is also self-adjoint by replacing 
Q by its self-adjoint part if necessary. Here for A — ^ j (x, y) g®ig y j we define 

"A = Y,(-l) i+j Sw a v( x > y) and A is called self-adjoint if *A = A. Then 



R(x, y) — u + (x + y) + u (x — y) + v(x) + w(y), 



(3.2) 



d 2 



u + (x + y) — u (x — y) 



i^'dxih) 2 

+ v(x)w(y) +T(x,y), 



d 2 d 2 
w{y) dx~ 2+v{x) W 



and the function T(x, y) satisfies 
(3.3) 

2 — ^ — = (u + (x + y) - u~(x - y)) — + 2w{y) — (u + (x + y) - u~(x-y)), 
2 9T ^' y) = (u+(x + y)-u-(x- y))!*jj& + 2v(x)^(u+(x + y)- U -(x- y)). 

On the other hand, if a function T(x, y) satisfies (|3.3(l for suitable functions u ± {t) 1 
v(t) and w(i), then If) is valid for R(x,y) and Q defined by (|3.2(l . 

We have the compatibility condition 
(3.4) 

8 (l Art \ -I \\3 V ( X ) I \ ^ I + / \ -/ \\\ 

■\\u r [x-\-y)-u (x-y)) g ^ + 2v(x) — [u r (x + y) - u (x - y)) j 



dx 



^-((u + {x + y)-u (x - y)) 9 W ^ + 2w(y) (u + (x + y) - u (x - y)fj 



for the existence of T(x, y). 
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Definition 3.1 (Duality in B2). Under the coordinate transformation 

a ^ < \ ( x + y x ~y " 

(3-5) (x,y)~ {-^.-js 

the pair (P, \P 2 — Q) also satisfies (|3.1(1 . which we call the duality of the commuting 
differential operators of type B 2 . 

Denoting d x = -§^, d y = j| and put 

L = P 2 -AQ-{dl-d 2 y +v{x)-w{y)f-2u-{x-y){d x +d v ) 2 -2u+(x + y){d x -d y ) 2 . 

Then the order of L is at most 2 and the second order term of L equals 

2{u+ + U - + v + w){d 2 x + d 2 ) - A{u+ - u-)d x d y - Awdl - 4v<9 2 

- 2(v - w){d 2 x - d 2 ) - 2u-(d x + d y ) 2 - 2u+(d x - d v ) 2 = 0. 
Since L is self-adjoint, L is of order at most and the 0-th order term of L equals 

(<9 2 + d 2 ) (u + + u~ + v + w) + (u + + u~ + v + w) 2 - A(vw + T) - 2d x d y (u + - u~ ) 
- (dl - d 2 )(v -w) = (u+ + u" + v + w) 2 - 4{vw + T) 
and therefore we have the following proposition. 

Proposition 3.2. i) By the duality in Definition \3.1\ the pair (R(x,y),T(x,y)) 
changes into (R(x,y),T(x,y)) with 

'R {X: y)= v (^y w (^J)+u+(V2x)+u-(V2y), 



(3.6) 



nht ^ 1 hi \2 f x + V \ ( x ~ V \ ^(x + y x-y\ 
T( X ,y) = -R(x,y) v ( ) w ( j - T(— , -^j. 



ii) Combining the duality with the scaling map R(x,y) i— ► c 2 R(cx,cy), the fol- 
lowing pair [R d {x,y),T d {x,y)) defines commuting differential operators if so is 
{R{x, y), T{x, y)) . This R d (x,y) is also called the dual of R(x,y). 



(3.7) 



J R d (x, y) = v(x + y)+ w(x - y) + u+(2x) + u~(2y), 
[T d (x, y) = jR d (x, y) 2 - v(x + y)w(x - y) - T(x + y,x-y). 

Now we give a list of the solutions of Ij3.4|l and (|3.3(l . They are suitable limits 
of the invariant solutions studied in |OQ| and many of them are given in |Oc| . 
Case I: (Any-^4i)+(Any-^4i) v = w = and u and v are arbitrary functions. 
Case II: u + = u~ , v — w and (u + ;v) is in the following list. 

(Trig-B 2 ) ((sintT 2 A£); (sinh~ 2 2Xt, sinh -2 Xt, cosh2Ai, cosh4At)), 

(Trig-Ba-S) ((sinlT 2 Ai, sinh" 2 2A); (sinlT 2 2Xt, cosh4At>). 

Case III: u + = u~ , (u + ; v, w) is in the following list. 
(Toda-D^-bry) ((cosh2Ai); (sintT 2 Xt, sinh~ 2 2At), (sinlT 2 Xt, sinh~ 2 2Ai)), 
(Toda-r4 1} -S-bry) ((coshAi, cosli2At); (sintT 2 At), (sintr 2 A^)), 

(Toda-B^-bry) ((e~ 2At ); (e 2Xt , e 4Xt ), (sinlT 2 Xt, sinh- 2 2Ai)), 

(Toda-S^-S-bry) (( e - At , e - 2At ); (e 2At ), (sinlr 2 Ai)). 

Case IV: v = w, (u + , u~; v) is in the following list. 
(Trig-Ax-bry) (0, (sinh- 2 A<); (e~ 2M , e - 4M ,e 2Xt ,e 4M )), 

(Trig-Ai-S-bry) (0, (sinh^ 2 Xt, sinh" 2 2At); (e" 4At , e 4A *)). 
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Case V: (u + , u , v, w) is in the following list. 

(Toda-Cf) (0, (e~ xt ), <e At , e 2At ), (e~ At , e - 2At )), 

(Toda-C^-S) (0, (e- At , e~ 2A '), (e 2At ), (e~ 2At )). 

In the above ( ) means an arbitrary linear combination of given functions and, for 
example, (Trig-i^) implies 

fu + (t)=u- (t) = C sinh~ 2 Xt, 

\v(t) = w(t) = d sinh~ 2 2Xt + C 2 sinh~ 2 Xt + C 3 cosh 2Xt + C 4 cosh4Ai 

with any complex numbers Co, Ci, . . . , C4 and a suitable A G C \ {0}. 
According to our assumption, put 

* = e-y s = e- x+ \ 



(3.8) 



u+{x + y) = ^u+sH 21 , u {x-y) = ^u lS \ 

i>r i>r 



if = = u>£ = if i < r, j < r' and k < r" . 



(3.9) 



i~>r 
3>r' 



= Y, (( 2i + 3)(i + 3)wj-4t 2i+j - (2i - j)(t - j> j «r* , ') a 



j>r" 



and the coefficients of s p i 9 mean 

(3.10) pqv 2p - q u+_ p - p(2p - q)v q Up_ q = q(q - p)w q ^ 2p u+ - (2p - q)(p - q)w q u~ 
Putting 



(3-11) 



UHt) = E»> r Utt\ V(t) = £\> r , ^' and W(f) = £,> r „ 

u ±(t) = i(f7±)'(t) + u ±, = iV'(i) + w and w(t) = W(<) + iu 0) 



we have 

(3.12) OT (2p -q){p- q) {V 2p - q U+_ p + V q U~_ q + W q - 2p U+ - W q U p ) = 0, 
which is equivalent to 

(3.13) V(st)(U + (st 2 ) + U-(s)) + W(t)(U + {st 2 ) - IT (a)) 

= F^st 2 ) + F 2 (s) + Gi(at) + G 2 {t) 

with suitable functions F±, F 2 , G\ and G 2 (cf. |Ocl Proposition 2.4]). Thus we have 
the following proposition. 

Proposition 3.3. For the functions (U^, V, W, Fi, F 2 , G%, G 2 ) satisfying (|3.13|l we 
have the commuting differential operators (|3.1(l and (13. 2|) by putting 

'«±(t) = ^^(e*) + C, v{t) = dtV{e*) + C, w(t) = dtW{e*) + C, 
I r(i,y) - i(a 2 - 9 2 ) (V(e*)(t/+(e^) + tf-(e*-v)) - G x (e»)) 
+C(u+(a; + y)+n-(x-y)), 

c, c e c. 
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Now we put 

S(B 2 ) = {(U + (t),U~(t),V(t),W(t)); U ± ,V and W are meromorphic 

(3.15) 

in a neighborhood of and they satisfy ((3.13() } . 

Remark 3.4. i) Since the constant terms , Vo and Wq have no effect on the 
equation 1(3.12(1 and on the original functions u , v and w, we will identify two 
functions appeared in the solutions of (|3.12J1 if they only differ in their constant 
terms. 

ii) If (U+(t),U-(t)) = or (W(t),V(t)) = 0, then JTT^ is always true. We 
call such ({/+, U~, W, V) G S(B 2 ) a trivial solution of (|3~T31) . 

We summarize elementary transformations acting on S(B 2 ). 

Lemma 3.5. Let (U+ (t),U~ (t),V{t),W(t)) G S(B 2 ). 

i) (dual) (V(t),W(t),U+(t 2 ),U-(t 2 )) eS(B 2 ). 

ii) (bilinear) // ([/+(*), ET" (t), S(t),T(t)) G S(B 2 ), then (aU+(t),aU-(t),bV(t)+ 
cS(t), bW(t) + cT(t)) G «S(-B 2 ) for a,b,c£ C. 

hi) (translations) (U+(ab 2 t), If- (bt),V(abt),W(at)) G 5(S 2 ) fora,beC\ {0}. 

iv) (scaling) // (t/ + (r),C/-(i r ),T^(r),F(r)) is well-defined for a suitable r G 
Q\{0} 7 « is mS{B 2 ). 

v) (symmetry) IfW(t) is a rational function, the reflection (x,y) ► (x,—y) can 
be applied to the solution and then (Z7"(t), U + (t), V(t), -W^- 1 )) G 5(B 2 ). 

vi) (symmetry) J/ C/~ (t) is a rational function, the reflection (x, y) i— > (y, a;) can 
&e app/ied to the solution and then (U + (t), -[/-(t" 1 ), V(t), W(t)) G 5(B 2 )- 

The lemma is a direct consequence of the definition of S(B 2 ). For example, i) 
follows from 

U+(t 2 s 2 )(V(ts 2 ) + W(t)) + U-{s 2 )(V(ts 2 ) - W{t)) 

= F 2 (t) + Fi(s 2 ) + G 2 (t 2 s 2 ) + dits 2 ). 

Note that the transformation in Lemma l3.5l vi) is equals to a certain composition 
of transformations in Lemma 13. 51 i). iv) and v). 

Definition 3.6. If a solution of 1)3.13(1 obtained by applying transformations in 
Lemma 13.51 to an original solution, it is called a standard transformation of the 
original solution. 

We will study non-trivial solutions of 1(3.13(1 . Considering standard transforma- 
tions, we may assume 

(3.16) (U+, U-) = (1, 1) or (1, 0) or (0, 1). 

Proposition 3.7. Suppose (U + (t),U~ (t),V(t),W(t)) is a non-trivial solution of 

innt with ifinij) . 

i) U (t), V(t) andW(t) are rational functions. 

ii) ( Oc Theorem 2.3]) IfW(t) has a pole at t = 1, then U + (t) = U~(t) and 
WQ-^ + Wit) = 0. IfU-(t) has a pole att = l, then V(t) = W(t) andU + 
U(t) = 0. 

Here we note that this equality is interpreted in the sense of Remark \3.4\ 

hi) (103 Corollary 3.8]) If at least two of {U + (t),lJ- (t),V(t),W(t)} have poles 

in C \ {0}, (U + , U~ , V, W) is a standard transformation of a solution given in the 

list <Trig-£ 2 > ~ (Toda-L^-S-bry). 

Proof, i) The equation (TU) shows W<,_ 2r £/+ = W^C/" if g > 2|r| + \r'\. Hence 
W(i) is a rational function and therefore so are U~(t), U + (t) and V(t) because of 
Lemma \3. 51 i) and v). □ 
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Lemma 3.8. i) IfV(t) has a pole at the origin, then U + (t) and U~(t) are holo- 
morphic at the origin. 

ii) IfU + {t) has a pole at the origin, then V(t) and W(t) are holomorphic at the 
origin. 

Proof. If r < and r' < with V r > 7^ 0, the coefficients of s r+r t r and that of 
s r+r' t 2r+r' in show V r >U~ = V r >U+ = 0, which contradicts to (U+, U-) ^ 0. 

Thus we have i) and then ii) by Lemma l3.5l i). □ 

Theorem 3.9. Any non-trivial solution of H3.1 3 |) correspond s to a standard trans- 
formation of a solution in the list ( jTrig-^T ) - jToda-C^ -S I . 

Proof. We will prove this theorem divided into several cases. 

Case 1: One of U + ,U~,V,W is zero. 
Proposition 13 . 71 assures that we may suppose V = 0. Then (|3.12() turns into 

(3.17) pq(2p ~q)(p~ q)(W q - 2p U+ - W q U~) = 0. 

Case 1-1: V = 0, W r » + and (U+,U~) = (1, 1). 
Suppose f := — r > 0. Then l|3.17(l with p = —f and q = r" — 2f shows 

r(r" - 2f)r"(r" - r)W r »U+ = 

and hence r" = f or 2f. Since fq(2f + q)(f + q)(W q +2r — \YqU~) = 0, 

(3.18) W{t) = at f {\ - f)- 1 + bt 2f (1 - t^)- 1 

Since VK(i) = a£'(l + i r ) _1 if 2a + b = 0, we may assume W(i) has a pole at 
t = 1 by applying a transformation in Lemma 13. 51 iii) and hence U + {t) = U~(t) by 
Proposition 13.71 ii) . 

On the other hand, l|3.17|) with q = r" and that with q = 2p + r" show 

pr"(2p - r")(p - r")W r »U- =0 for p > 0, 
p(2p + r")r"{p + r")W r »U+ = for p < 0. 

Thus we can conclude 

(3.19) U + (t) = U~(t) = cr f + dT% +et f + fti with bd = bf = 

because (£/+(<), £/-(t), 0, bt 2f {\ - t^y 1 ) eS{B 2 ). 

If r > 0, rr"(2r - r")(r - r")W r »J7- = and therefore r" = 2r or r" = r. Then 
by putting f = r, the equation l|3.17|l with p — r and g > r" implies H3.18|l and 
hence the same argument as above proves Ij3.19ll . 

Hence the solution corresponds to a standard transformation of Case IV. 

Case 1-2: V = and (U+, U~) = (1,0) or (0, 1). 
We have g(2r - q)(r - q)W q = or pq(2r - q)(r - q)W q - 2r = 0. Hence W(t) = 
at f + bt 2f with b ^ and f e Z \ {0} 

If a = 0, then (j3~T7jl with g = 2f implies U~ = for p ^ 0, f, 2f. If a ^ 0, 
then (|3.17|) with (p,q) = (S, 3f) implies {7^=0, that with q = 2f implies U~ = 
for p ^ 0, f, 2f and that with q — f implies U~ — for p ^ 0, ±|, f. Hence 
= crt f + d"< 2F with ad" =0. 

Since (C/+(f- 1 ), [/"(i^ 1 ), 0, W^- 1 )) e S{B 2 ), we have U+(t) = c+tr f - + d + t- 2f 
with ad + — and the solution corresponds to the standard transform of Case V. 

Now we may assume that none of U (t), V(t), W(i) is zero and 

(3.20) Vr> + and W r » + 0. 

Lemma 13.81 and Lemma 13.51 i) assure that we may assume r > except for the 
following case. 
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Case 2: W and U have poles and V and U + are holomorphic at the origin. 
Then r" < and r < 0. Put f = —r. The coefficients of s~ f t q in l|3.13jl imply 
W(t) = at- 2f + bt- f . 

Case 2-1: W(t) = r 2f + bt~ f '. 
The coefficients of sn~ 2f imply U~(s) = s~ f . Note that [/-(i^ 1 ) and W{t^) 
are holomorphic at the origin and {U + (t' 1 ),U'{t" 1 ),V{t~ 1 ),W{t- 1 )) eS{B 2 ). If 
U + (t^ 1 ) has a pole at the origin, Lemma [3 . 81 assures that V^t -1 ) is holomorphic 
there. Hence we may assume r > by using a transformation in Lemma |3. 51 i) if 
necessary. 

Case 2-2: W{t) = . 
The coefficients s p t~ r in [j3.13|l imply U~(s) = s~ r + cs~i and this case is reduced 
to the previous case by Lemma 13.51 i). 

Now we may assume 

(3.21) r>0. 

Case 3: r > and r' > 0. 
Putting p = r in (|3.12(l , we have 

(3.22) q(2r ~q){r- q)(W q - 2r U+ - W q U~) = 0. 

Case 3-1: (U+, U~) = (1,0) or (0, 1). 

Owing to Lemma [3.51 v). we may assume U~ = 0. Then Q3.22|l with q = r" + 2r 
means r" — — 2r or r" — ~r and (|3.12(l with q = r" means U~ = 0. Hence this 
case is reduced to Case 1. 

Case 3-2: (U+, U~) = (1, 1). 
The equation (|3.22|l with q = r" means r" — r or r" — 2r. 

Note that |3~2"5f means W(t) = at r (l — i r ) -1 + bt 2r (l - t 2r )^ 1 . Since U ± , V and 
W are holomorphic at the origin, Lemma f3. 51 i) assures that if r' 7^ r", this case is 
reduced to Case 3-1. Hence we may assume r' = r" and therefore (V r i , W r i) = (1, 1) 
by a suitable translation s 1— > as. It also follows from Lemma [3.51 1) that U~(s) — 

cs^(l — s^") _1 +(is r (1 — s r )~ 1 and then this case is reduced to Proposition ^. 7l iii ). 

Case 4: r > and r' < 0. 
Using the transformation in Lemma 13. 51 v) if necessary, we may assume 

(3.23) (U+,U-) = (S,1) 

with 5 = or 1. The equation l|3.12(l with p = r + m, q — p = ±r and to < means 
(r + m)(2r + m)U^V m = and therefore 

n*) = 

(3.24) 




Here (a, 6) ^ (0,0). Moreover l|3~T2")> with p = r shows 

(3.25) U+W q - 2r = y r "Wg if q $ {-2r, -r, 0, r, 2r, 3r, 4r}. 
Put f = — max{r', r"} > 0. Then l|3.12(l with q = —f means 

(3.26) P f(2p + f)( P + r)(V-fU- +f - W-rU~) = 0. 
Similarly (jSHSjl with q = —r means 

(3.27) pf(2p + r)(p + r)(&LT" +r - W- r U~) = 0. 
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If r' > r", we have U =0 because V-f = 0. Hence r' < r" and we may 
moreover assume 



2r if a ^ 0, 
r if a = 0. 



(3.28) (V_r, = (1, e) with e = or 1 and f 
Then lPH5j) implies 

W(t) = e 1 t^l^St r )- 1 + e 2 t 2r {l-8t 2r y 1 +e 3 t- 2r + e i r r + e 5 t r +e 6 t 2r + e 7 t 3r + e 8 t 4r 
and it follows from l|3~23|l . (|3~2l)|) and lj3~2~gj) that 

(3.29) 17- (a) = s r (l - es^)" 1 + cs 2r {l - es 2r )- 1 . 

If e = 1, we may assume that U~(s) has a pole at s = 1 as in the argument in Case 
1-1 and then b = W r in Note that if b ^ 0, (|3~27jl implies c = 0. Hence 

(3.30) 6c = 
and i|3~2T|> with p = r means 

(3.31) e 4 = ife = 0. 

Case 4-1: (ei,e 2 ) and 6=1. 
We may also assume W(t) has a pole at t = 1. If e = 1, then U~(t) and W^(£) 
have poles in C\ {0} and this case is reduced to Proposition ^ . 71 iii^l . Hence we may 
assume e = and therefore = by l|3.28|l . Then Proposition 13 . 71 ii) assures 



W(t) = e x t r {\ - ey 1 + e 2 t 2r {l - t 2r y\ 
U+(s) = U~(s) = s r + cs 2 



Now l|XT2ll with (p,q) = (2r,r) means ce a = 0. Thus {U+(t), U~{t), V{t), 0) € 
5(^2) and it follows from Case 1 that V(t) = af- 2r + bt~ r with be = 0. Then the 
solution corresponds to (Toda-T^-bry) or (Toda-iJ^-S-bry). 

Case 4-2. a = e 2 = 0, e = 1. 
PropositionEHii) assures V (i) = = ai~ 2r + bt~ r + e 5 t r + e 6 t 2r + e 7 t 3r + e a t ir 

with be = 0. Putting q = 2p - f in IpTT^ we have tWpt f + W-? U+ = if p is 
sufficiently large positive integer. Hence if C/ + (t) is not a polynomial of t, it has a 
pole in C \ {0} and this case is reduced to Proposition 13 . 71 iii) . 

Thus we may assume U + (s) = J2iL r s * with ^ 0- Suppose Wj = for 
j > M. If M > Q, the coefficients of s N t M+2N in <|3~T3) implies = 0. Hence 

e 5 = e 6 = 67 = = and therefore (U + , 0, V, W) £ S(B 2 ) and Case 1 implies 
U + (s) = s r + c's 2r with be' = 0. The solution is a standard transform of case V. 

Case 4-3: e\ — e 2 = e = 0. 
Th en U~ (s) = s r + cs 2r and W(t) = e 5 t r + e 6 t 2r + e 7 t 3r + e s t ir . Putting p = q + r 
in 1212), we have V q U~ - W q U~ +r = for q > and therefore V(t) = at" 2 '' + 
bt~ r + ce 5 t r . 

Suppose U + (s) is not a polynomial of s. Putting q = 2p + f in (|3.12() . we 
have + WfUp = for a sufficiently large p. We may assume U + (s) has a 

pole at s = 1. Then Wf = — 1 and Proposition 13.71 ii) with Lemma 13.51 proves 
Vit- 1 ) + W(t) = and V(t) = at- 2r + bt- r with be = 0. Thus {U+,0 1 V,W) € 
S(B 2 ) and U+(s) = d lS r {l - s'')" 1 + d 2 s 2r (l - s 2 ^- 1 with bd 2 = and the solution 
is a standard transform of Case IV. 

Now we may assume U+{s) = J2?=r U t s * and W i t ) = T,fL r w ^ with W M Uff + 
0. Then l|3~T2ll with (p, q) = (N, M + 2N) shows W M U^ = 0, which contradicts to 
the assumption. □ 
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Corollary 3.10. The non-trivial solutions R(x, y) of (|3.1() with regular singularity 
at the point t = are transformations of the following solutions under translations. 

(Trig-BCa-reg) 

C\ (sinh -2 X{x + y) + sinh -2 X(x — y)) + C 2 (sinh -2 Ax + sinh -2 Ay) 
+ C 3 (sinh -2 2Xx + sinh -2 2Ay) + C* , 
(Trig d -BC 2 -reg) 

C\ (sinh -2 X(x + y) + sinh -2 X(x — y)) 

+ C 2 (sinh -2 2X(x + y) + sinh -2 2X(x - y)) 
+ C 3 (sinh -2 2Xx + sinh -2 2Xy) + C , 
(Toda-D 2 -bry) 

(Toda d -D 2 -bry) 

d sinh -2 A(z - y) + C 2 sinh -2 2A(a; - y) + C* 3 (e -4AK + e -4A ^) + C a , 
(Trig-^i-bry-reg) 

Ci sinh" 2 X(x - y) + C 2 (e -2A * + e -2Ay ) + C 3 (e -4A * + e -4Ay ) + C , 
(Trig d -^4i-bry-reg) 

Ci(e -A(a;+y) + e ~ x{x - y) ) + C 2 (e- 2X{x+y) + e -a*(*-i/)) 

+ C 3 sinh -2 Ay + C , 
(Toda-BCa) 

C ie - x{x - y) + C 2 e~ Xy + C 3 e- 2X « + C , 
(Toda d - BC 2 ) 



4. Type B n (n > 3) 

Let R™ be the Euclidean space with the natural inner product (x, y) = J27=i x iVi 
for a; = (jci, . . . , x n ), y = (yi, . . . , y n ) G R™. Then = (£,i, • ■ ■ , Sw, $m) for 
i = l,...,n form a natural orthonormal basis of R™. For v G R n , let d v be the 

d^(x + tv) 



differential operator defined by (d v ip)(x) 



dt 



t=o 



for a function tp(x) on 



l n and we put 9, — d ei . If v ^ 0, the reflection ro„ with respect to v is a linear 



transformation of W l defined by w v (x) = x 



2H 
(v,v) 



v for x G 



The root system E = E(I? n ) of type -B ra is realized in R™ by 



E(A„_i)+ ={e i -e i \ l<i<j< n}, 



(4.1) 



{ei±ej; 1 <i < j < n}, 



E(D n ) = E L = {a, -a; a G E(£>„)+}, 
E(£ n )+ = E+ = {e fc ; 1 < k < n}, 
E(S n )+ = E+ = E(D n )+ U E(B n )+, 
k E(S n ) = {a, -«;aeW}. 



The Weyl group We of E is the finite group generated by {w a ; a G E}, which 
is the group generated by the permutation of the coordinate (xi, . . . ,x n ) of R" 
and by the change of the signs of some coordinates Xi. For a subset F of E, let 
Wf denote the subgroup of We generated by {w a ; a G F}. Then we call the set 
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F = {wot; w € Wf and a £ F} the root system generated by F and Wf the Weyl 
group of the root system F. Let 

(4-2) p = E ft?r + ^ 

be a differential operator with a function R(x) such that it admits a differential 
operator 

(4.3) Q = J2q-I + S withordS<4 

satisfying PQ = QP. 
Now we assume 

R(x) = u Q ((a,x)) 

q£S(B„) + 



n 



(4.4) = E (""(^ + ~Xj)) +^w k (x k ) 1 

l<i<j<n k=l 

u lj = u ei - e ., u y = H e , +ej and w k = u Ck 
for 1 < i < j < n and I < k < n. 

For a £ S(P„) + , we put u_ a (t) = u a (—t) for the convention. 

Fix indices i and j with 1 < i < j • < n and put u n (t) — u r] (—t) and = 
{1, . . . , n}\{i, j}. It follows from the proof of OOS , Theorem 6.1] that the condition 
for the existence of Q is equivalent to 

(4.5) Sq = Sji (1 < i < j < n) 
with 

S ij = (dfw'ixi) + d f( uiU ( x i + x ») + v ™( x > ~ O)) 

uei{i,j) 

■ (u ij (Xi +Xj)- V ij (Xi - Xjfj 

+ 3(d i w\x i ) + di{v? v {xi+x v )+v b, (x i -x v ))} 

■ (diU 13 (xi + Xj) - dy 3 (xi - Xj)j 

+ 2(w i (x i ) + (u iv {Xi + x v ) + v iv {xi - x v ))\ 

■ (dfu ij ( Xi + Xj) - dfv ij (xi - a:,-)) 

+ (%v?(xi+x v )-8$v*(x i -x v ))(y? v (x J +x v )-v i ''(xj-x v )y 

Then we have assumed that 

(4.6) u a (log t) = Yj u vt V for a e S+ 

with u™ £ C. Here u a (logt) is analytic if < \t\ -C 1 and u" = if v is a sufficiently 
large negative integer. 
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Put 



tj = e- x i+ x ^ (i = l,...,n-l), U. 
( Xi + Xj ) = J2 «;//'/ • • • /} ,/f ■■■t 2v 



(4.7) 



/ j v i 3—13 n ' 



U a (t) = u " tU with u " = vU v and a e s+. 



Here 1 < i < j < n and ujf , and aiJ,6C and they are zero if 1/ is a sufficiently 
big negative integer. Then the coefficients of (U - ■ ■ tj-i) q (tj ■ ■ ■ t n ) p in Ij4.5|l show 

pqw l 2p _ q u 3 _ p - p(2p - q)uP q v p J _ q = q{q - p)w\_ 2p u p 3 - (2p -q)(jp- q)w J u l p 3 

if pq(p — q){2p — q) =/= and therefore by putting 



uHt) = E„> r uft\ v(t) = E,> r v v r and w(t) = j: u>r „ w v r, 



(4.8) 



Ut = Vo = W = 0, 



u«(t) = t(tr+)'(t) + «§', ««(t) = t(f-)'(t) + «5' ) 

= tV'(t) + w and w j (t) = tW'{t) + w 3 , 



we have ()3.12[1 and 13.13|l . Hence u y , w l ,uP) is a standard transformation of 
a solution of type B 2 studied in JI] 

Suppose {a, /3, a + /3} c Sj. Then (a, /3, a + 0) is one of the followings 

(4.9) (ejj—jj, ej 3 _i 3) e^—ig), 

(4.10) ( 

(4.11) ( 

(4.12) ( 

with 1 < i\ < i 2 < «3 < n. 

Put s = e~( Q '^ and i = e~^' x ). Moreover put = (ii, 12,^3), (*i,*2,*3), 

(*2)*3i*i) and (ii,i3,«a) according to (|4.9|l . (|4.10|) . I|4.11|l and l|4.12(l . respectively. 

Then (« ai ^,M a+ ^) = (v i ^v^ v ,v iu ), (<u y , U jv , U iv ), (v ij , , u w ) and u jv , u iu ), 
respectively, and the coefficients of s p t q in l|4.5|l show 



"p "g— p 

/3„,a _L („ _ ^2 u "+/3/ 



(4.13) (-g 2 - 3(p - «)« - 2(p - g) 2 )^ "t£_, + p 

= i-q 2 + 3 M - 2p')vP q u% + (q- pfu a p 
if pq(p — (7) 7^ 0. Hence 

(4.14) M (p - 9 )(2p - q){U«Ul - U«_ q U« + V - U^ p U^) = 0. 

Now put {i ,j ,v) = (iuhM) and (i 2 ,h,h) according to 

(H3, (OIH , ETT) and (|TT2l) . respectively. Then (u a , up, u a+/3 ) = ««, 
(b'",^, U- ?v ), u % i ,u w ) and {v^ v ,u w ), respectively, and the coefficients of 
s p i 9 in (I4.5|l show 



^2 «+/3 a 

9 p— 9 



(4.15) (p 2 + 3(« - P )p + 2(g - pf)u a p + ?vP q _ p - g 2 ^ 

= (p 3 - 3pq + 2q 2 )u a y q - (p - qfu^u a p _ q 

if pq(p — q) 7^ and we have 

(4.16) pq(p - q)(p - 2q)(U2U$ - U^_ q U^ - U P q _ p U^) = 0. 
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Combining l|4.14[) and (|4.16|) . we get 

(4.17) pq(p - q)(U«U q P - U«_ q U«+P - U^UZ+P) = 0. 
Namely, 

(4.18) (U a (s) + U fj (t) ~ U a+P (st)) 2 = F a (s) + F p (t) + F a+ p{st) 

with suitable functions F a , Fp and F a+ p. Then if at least two in {U a , Up, U a +p\ 
do not vanish, Proposition 12.21 shows that (U a (t),Up(t),U a +p(t)) is a standard 
transformation of (< r (l - t r )" 1 ,r(l - t r )~ 1 ,t r (l - f or (Cit r , C 2 i r , C 3 t~ r )- 
The argument above shows the following lemma. 

Lemma 4.1. Let a and f3 £ E suc/i i/iaf a 7^ ±/3, (a,/?) 7^ 0, |a| > \f3\, U a 7^ 
and Up ^ 0. Suppose 

U a (t) = df. 
TTien we have the following two cases. 



Case 1: |a| = 



Case 2: |a| 2 = 2|/3| 2 . 




if (a, 0) <0, 
if <«,/?> >0. 



[^(t) = Cit r (l - f) + C' 2 t 2r (l - t Zr ) and U W[j(a) {t) = U a (t) under a translation 
or 

' C[t r + C' 2 t 2r i/(a, / 9><0, 
C[t-' r + C' 2 t- 2r if (a, 0) > 0. 



Up{t) 



Definition 4.2. For the functions u a in l|4.4|l . put 

(4.19) A-{aeE(B„) + ;<^0}. 
Let A be the root system generated by A and let 

(4.20) A = AiU---uAat 

be the decomposition into irreducible root systems. Put 

(4.21) A fc = A fc nA 

and we call it an irreducible component of A. 

We say that P with the potential function R(x) is irreducible if A is an irreducible 
root system of rank n or of type A„_i. 

Remark 4.3. i) A = Ai U • ■ ■ U Ajy 

ii) Suppose a £ Afc. Then (3 £ A is an element of A& if and only if there exists 
a sequence ot\ = a, 0.2, ■ ■ -,ot£ = (3 £ A such that (ctj, a;+i) 7^ for i = 1, ...,£— I. 

Lemma 4.4. Let A' be an irreducible component of A and let A' and A' L be the 
root systems generated by A' and A' £ := A' n E^, respectively. Suppose A' is of 
type B m with m > 2. TTien A' L is of type A m _i or type -D m . 

Proof. Since A^ and {ei,...,e m } generate A', there exist Q4 £ A' L such that 
(ai, Ci) 7^ and (ctj, e^+i) 7^ for 1 < i < m. Since «i, . . . , a m _i generate a root 
system of type A m _i, A^ is of type A m _i or type D m . □ 

Lemma 4.5. Let S be a subset of a classical root system E of type A or B . Suppose 
S generates an irreducible root system S and 

(a, j3) < for a £ S and f3 £ S with a 7^ (3. 
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If the rank of S is larger than one, S is the image of one of the following sets under 
the suitable transformation by an element of the Weyl group of E . 



(A 22") 






P™ i 


— P™ V 




(771 ^ 3), 


(4.23) 


{ex 


- e 2 , ■ • 


* } &m—l 


i 6 m } 




(m > 2), 


(4.24) 


{ex 


- e 2 , . . 


■ i ^ rn-l 


c-m 5 ^m— 1 




(m > 4), 


(4.25) 


{ex 


- e 2 , . . 


■ > 6 m _i 




ei} 


(m > 3), 


(4.26) 


{ex 


- e 2 , . . 


■ i 


^-m i ^m; — 


-ei} 


(m > 2), 


(4.27) 


{ex 


- e 2 , • • 


■ j c-m — 1 




+ e m , -ei - e 2 } 


(m > 4), 


(4.28) 


{ex 


- e 2 , . . 


* ? ^m-l 


%i ^m- 1 


+ e m , -ei} 


(m > 3). 



Proof. Let 5' be a subset of S 1 such that S' is a transformation of one of the sets 
{ei}, {e x - e 2 }, g^U, and (QH by an element of the Weyl group of E. 

If the number of the elements of 5" is smaller than the rank of S, there exists 
a G S and (3 £ S' such that (a, [3) 7^ and a ^ S 7 eS' ^7- Then it is easy to see 
that 5" U {a} is a transformation of l|4.22|l . (|4.23(1 or (|4.24|> by a suitable element 
of the Weyl group. 

Thus we may assume that S' equals ()4.22(l or H4.23(l or Ij4.24|l and that the number 
of the elements of S' equals the rank of S. Put S Q = {/? G X n ZLgS' M7; (/?, 7) < 
for any 7 G S'}. Then if 5' is or (Q3l . S* = {e m -e x } or {-e x , -e x - e 2 }, 

respectively. If 5" is (|4.24|) . then S = {— e\— e 2 , — ei} or {— ei— e 2 } according to E is 
of type £? or A, respectively. Thus the lemma is clear because S' C S C S"U 5„. □ 

Lemma 4.6. Lei A k a rooi system generated by a classical root system E of type 
A n -\ or B n . Let A = Ai U • • • U A^r/ U ■ • • U A^r be an irreducible decomposition so 
that the rank of A, is larger than one for 1 < i < N' and the rank of Aj equals one 
for N' < i < N . Then under the transformation by an element of the Weyl group 
of E, there exists a sequence of integers = uq < nx < n 2 < • ■ • < Un' such that 
Ai is generated by 



{e nz 


-l + l — e n, 


-1+2, ■ ■ 


■ , e ni —i e ni } 


z/A, 


is 0/ £?ype ^4, 




-l + l — e n, 


-1+2, ■ ■ 


■ , e ni — i 6 n ^ , e n — ^— 1 -|- e ni } 


z/A, 


is 0/ £?ype £>, 




-l + l — e n t 


-1+2, ■ • 


• , e ni _i e ni , e ni } 


*/A, 


is of type B 



for 1 < i < AT'. Moreover if N' < i < N . Aj egwafe {±e„}, {i^ - e„+i)} or 
{±(e„ + e„ + i)} /or a suitable v with v > tijv- 

Proof. Note that {a G E; (ex — e 2 , a) = 0} is generated by 

{e 3 - e 4 , . . . , e„_i - e„} if E is of type A n , 

{e 3 - e 4 , . . . , e„_i - e„, e„} and {ei + e 2 } if E is of type B„. 

Hence the lemma is clear by the induction on N if N' = 0. 

Suppose N' > 0. By the preceding lemma, we may assume that the fundamental 
system of Ai is (I4.22|l . I|4.23|l or (|4.24|l . Then {a G E; (ei - e 2 , a) = 0} is generated 
by 

{e m+ i - e m+2 , . . . , e n -x - e n } if E is of type A n , 
{e m+1 - e m+2 , . . . , e„_i - e n , e n } if E is of type B n 

and the lemma is clear by the induction on JV'. □ 

Remark 4.7. i) Fix a € A'. Let »eE" with (a,v) = 0. Then d v u a ((a,x)) = 0. 
ii) If the rank of A' equals one, u a (t) for a G A' is any function. 
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iii) If the rank of A' is larger than one. U a (t) with o 6 A' are global meromor- 
phic functions and therefore we may study {U a (t); a £ A'} under the image of a 
transformation by the Weyl group. 

iv) By the irreducible decomposition in Definition 14.21 our classification reduces 
to the case when P is irreducible. 

Theorem 4.8. Let A' be an irreducible component of A. Then the potential func- 
tion R&i(x) :— X^aGA' u a({ a i x)) * s a transformation of a function in the following 
list with m > 2 under a map generated by the Weyl group, translations and scalings 
of the coordinates (cf. Lemma \S.5\) . 

Type A±: If the rank of A' equals 1, Ra'(x) is an arbitrary function of (a,x) with 
a G A'. This solution is called trivial. 

Type B 2 : A standard transform of the function in the list (Trig-£?2) _ (Tbda-Cg ) 
in <J3]wz£/i replacing (x,y) by {x\,X2). 

(Trig-i^m): Trigonometric potential of type B m : 

Co (sinh -2 \{xi + xj) + sinh -2 X(xi — Xj)) 

l<i<j<_m 
m 

+ yj(Ci sinh -2 2Xxk + C 2 sinh -2 Xxk + C3 cosh 2 Ax £ + C4 cosh4Axfe). 

fc=i 

(Trig-^4 m _i-bry): Trigonometric potential of type A m -i with boundary: 
Co sinh -2 X(xi — Xj) 

l<i<j<m 



J2{Cie~ 2Xxk + C 2 e- 4Xxk + C 3 e 2Xxk + C. 
fe=i 



(Toda-^m -bry): Toda potential of type B) n with boundary: 

m—l 

C Q e^ 2X( - x '- x '+ 1 '> + C e- 2X( - X ™- 1+X ™1 + de 2Xxi + C 2 e iXx ' 



+ C3 sinh 2 Xx m + C4 sinh 2 2Xx m , 



(Toda-Cm ): Toda potential of type Cm : 

m — 1 

Coe- 2X(x ^ x - +l) + C ie 2Xxi + C 2 e iXxi + C 3 e- 2Xx ™ + C 4 e 



(Toda-Dm -bry): Toda potential of type Dm with boundary: 

rn — l 

Y C (e^ 2X( - Xz ~ Xz+l) + e - 2 H*™--L+x m ) +e 2\(x 1 +x 2 )^ 

i=l 

+ C\ sinh -2 Xx m + C 2 sinh -2 1Xx m + C3 sinh -2 Xx\ + C4 sinh -2 2Axi, 
(Toda-A^^): Toda potential of type A m ^_ 1 : 

m — 1 

^ C oe - 2X( - x '- x '+^ + C e 2X{xi - Xm) . 
i=l 
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Definition 4.9. We define some potential functions as specializations of the above. 

(Trig-vl m _i): Trigonometric potential of type A m _i is (Trig-A m _i-bry) with 
C\ = C2 = C3 = C4 = 0. 

(Toda-B^): Toda potential of type B$ is (Toda-B^-bry) with C 3 = C 4 = 0. 

(Toda-B^): Toda potential of type D$ is (Toda-D^-bry) with d = C 2 = 
C 3 = C A = 0. 

(Toda-B m -bry): Toda potential of type D rn with boundary is (Toda-Bm^-bry) 
with Ci = C 2 = 0. 

(Toda-A m _i): Toda potential of type A m _i is (Toda-Cm^) with C\ = Ci — 

c 3 = c 4 = 0. 

(Toda-BC m ): Toda potential of type B m is (Toda-C£ } ) with C x = C 2 = 0. 
(Toda-D m ): Toda potential of type D rn is (Toda-B^-hry) with C\ = C2 = 
C 3 = d = 0. 

Proof of Proposition \4-8\ We may assume that A' is not of type B 2 . Then 
Lemma 14.41 savs that for any elements a and (3 of A' L , there exists a sequence 
a = otx, a%, . . . , afe = f3 such that {on, aj+i) 7^ and on G A' L for % = 1, . . . , m — 1. 
Note that the number of elements of A' L is larger than one. Fix a € A'. Then 
lemma FTTI assures that C7 a (t) = Ct r (l — ai r ) _1 with a G C. 

Case 1: U a (t) = Ct r . 
Lemma O proves that Up{t) = Cpt 2 <> 3 > for (5 G A' L . Here e(/3) = 1 or -1. 
Then the set Sx = {e(/3)/3; /3 G A' L } satisfies the assumption of Lemma [4.51 and 
therefore we may assume that Sl equals (|4.22|l . I|4.24[) . 14.25|l or l|4.27(l under the 
transformation of an element of the Weyl group, which correspond to (Toda-A m _i), 
(Toda-B m ), (Toda-A^Li) and (Toda-B^), respectively if U ei (t) = for i = 
1, . . . , m. Suppose U ei (t) 7^ with a suitable i satisfying 1 < i < m. Then 
Lemma f4.ll shows that one of the the following two cases occurs, from which the 
statement of the proposition is clear. 

Case 1-1: U ei (t) = C"i r (l - at r ) + C"t 2r (l - at 2r ) with a ^ 0. 
We may assume a — 1 by a translation. Lcmma l4. ll shows that then B_ ei _ ei+1 (i) — 
U ei - ei+1 (t) and if i > 1 and U ei _ 1 - ei {t) = U ei _ 1 -^ ei (t) if i < to. Therefore 

!i = 1 and S L equals (|4~27|) (Toda-B^-bry)) 
or 
i = m and S L equals (j4"!H}l or [|4~27|> (=> (Toda-B^-bry) or (Toda-B^-bry)) . 

Case 1-2: U ei (t) = C"t e ' r + C"t 2ur with e 4 = ±1. 
Lemma f4. II savs ej(ej, a) < for ae Si, only the following cases occur. 

ji = 1 and ^ equals (|4~2^ or (j^H (=*> (Toda-C^ 3 ) or (Toda-B^-bry)) , 
[i = to and S L equals (=*> (Toda-C^)). 

Case 2: U a (t) = C a t r (l - aj^ 1 with a a ^ 0. 
The argument just before Lemma PTD savs that the condition Up{t) 7^ and J7 7 (t) 7^ 
with |a| = = | — y | means U W0 ^(t) 7^ 0. Hence {±/3; /? G A^} is a root system 
of type A m _i or B m . We may assume a a = 1 for its simple root a and hence C Q 
and a a does not depend on a G A^ because of (|4.18|) and Proposition ^. II 

Case 2-1: A' L is of type A. 
Considering {[/ ei+ei+1 , J7 e( - e < +1 , J7 e( , J7 e(+ J, TheoremEHlshowsf/eiW = U ei+1 (t) = 
Cii r + C 2 t 2r +_C 3 ^ r + C 4 ^ 2r and this case is reduced to (Trig-A m _i-bry). 

Case 2-2: A' L is of type D. 
By the same consideration as in the previous case we may assume U eu (t) = C\t r (l~ 
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O^ 1 + C 2 t 2r (l - t 2 "-)- 1 + C 3 {t r - t- r ) + d{t 2r - t- 2r ) for v = 1, . . . ,m. Hence 
this case is reduced to (Trig-S m ). □ 

Corollary 4.10. The non-trivial solutions in Proposition \4-8\ which have regular 
singularity at the point t = are in Corollary \3.1(A or in the following list. 

Co(sinh~ 2 \{xi + Xj) + sinh -2 A(x, — Xj)) 

l<i<j<m 

(Trig-BC^reg) 

+ ^2 sinh~ 2 2Aa; fc + C 2 sinh~ 2 Ax fc ) , 
fe=l 

m 

(Trig-^ m _ 1 -bry-reg) £ C sinh" 2 \{ Xi - Xj ) + ^(de' 2 ^ + C 2 e- iXx «), 

l<i<j<m k—1 

(Toda-D ro -bry) 

m — 1 

C e- 2X( - Xi ~ Xi +^ + c ne - 2X{Xm - 1+Xm) + C 3 sinlC 2 Xx m + C 4 smli" 2 2Ax m , 
i=i 

m— 1 

(Toda-BC m ) C j^] e -2A(x I -x I+1 ) + c-gg-aAaim + c 4 e- 4Ax "\ 

i=l 

Remark 4.11. We have a natural compactification X of the space C™ of i so that 
for every w £ We(.b„) 

s*" = e-K- a i+i) (j = l,...,n- 1), s™=e~< with a;' = loa; 

gives a local coordinate system of X and i,- = s| (j = 1, . . . , n). Then the non-trivial 
potential functions R(x) we have obtained is meromorphic on X. 

If R(x) is holomorphic at (sf, . . . , sj^) = for any w £ M / s(B„), R{x) is said to 
have regular singularity at every infinity. In this case, our classification says that 
R(x) is decomposed to the functions (Trig-i?C m -reg) and (Trig-A m ) which exactly 
corresponds to Heckman-Opdam's potential function of classical type. This gives 
a characterization of Heckman-Opdam's hypergeometric equations. 
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